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Calculation of the Boundaries and Barriers of the Wor kspace of a
Redundant Serial-parallel Robot using the I nver se Kinematics

Adrian PeidroOscar Reinoso, Arturo Gil, José Maria Marin, Luis Payd #erai Berenguer

Systems Engineering and Automation Department, Migueh&tetez University, 03202, Elche, Spain
{apeidro, o.reinoso, arturo.gil, jmarin, Ipaya, yberengh@umh.es

Keywords: Robot Manipulator, Redundant Robot, Workspace, Inverseiiatics, Discretization Methods.

Abstract: This paper presents the workspace analysis of a redundaaitsarallel robot. Due to the complexity of the
robot, the complex constraints (joint limits and no-intzeince between the legs of the robot), and the globally
serial structure of the robot, a discretization method thasethe forward kinematics would be most appro-
priate to compute the workspace. However, this widely usethod can only obtain the external boundaries
of the workspace, missing the internal barriers that hitidemotion of the robot, which may exist inside the
boundaries. To avoid missing these barriers, we use a tisatien method that uses the solution of the inverse
kinematic problem of the robot. By studying the feasibilifyattaining a desired position and orientation by
the different branches of the solution to the inverse kin@saathe proposed discretization method is able to
obtain both the external boundaries and the internal aroethe workspace. Some examples are presented
to show the importance of these internal barriers in the @nstof the robot inside the workspace.

1 INTRODUCTION The singularity-based methods begin by writing
all the kinematic restrictions of the robot (including

The workspace of a robot manipulator, which is the J0int limits) as a system of equations. Next, the Ja-
set of positions and orientations that its end-effector cobian matrix of this system with respect to all the
can reach, is very important for designing the robot mvolved_ variables is Qerlved, ex_cludlng the variables
and planning its movements. There are many meth- that define the position and_ orientation of the end-
ods to calculate the workspace of robots, but most of effector. Then, the boundaries of the workspace can
them can be classified into three main groups (Merlet, P& obtained as the set of configurations of the robot
2006): geometrical methods, singularity-based meth- for which the mer_ltlone_d Jacobian matrix is not full-
ods and discretization methods. rank. These configurations that produce the rank de-
; ; ficiency of the Jacobian matrix may be found analyti-
The geometrical methods are especially useful for
parallel robots, in which the end-effector is controlled Cally (Abdel-Malek and Yang, 2006; Abdel-Malek et
by two or more kinematic chains actuating in paral- &l 2000) or numerically (Haug et al., 1996; Bohigas

lel. These methods obtain first the workspace asso-©t al., 2012). The main problem of the sing_ularity—
ciated with each kinematic chain individually. Such based methods is the fact that all the constraints must

individual workspaces usually are simple geometrical be written as eq“?"“eS' which may resultin too_la_rge
objects, such as annuli (Merlet et al., 1998), spher- systems of equations. Moreover, some restrictions

ical shells (Gosselin, 1990) or tori (Liu and Wang, cannot be modeled as equality constraints, like the

2014). After obtaining the individual workspaces, the condition of no-interference between different bodies.
workspace of the complete robot is obtained as the  Finally, the discretization methods are very flexi-

intersection of these individual workspaces. These ble and can easily deal with all types of constraints, al-
methods are very fast and efficient, but they are though they can be very computer-intensive. The dis-
also limited since they are only available for specific cretization methods consist of discretizing the Carte-
robots. Moreover, with these methods it may be very sian (or joint) space into a regular or randomized grid
difficult to take into account some restrictions in the of nodes, and solving the inverse (or forward) kine-
calculation of the workspace, such as the existence ofmatic problem of the robot for each node to obtain
joint limits, or the condition that mechanical interfer- the complete configuration of the robot (Macho et
ences between different bodies should not occur. al., 2009; Bonev and Ryu, 2001; Pisla et al., 2013;

412

Peidro, A., Reinoso, O., Gil, A., Marin, J., Pay4, L. and Berenguer, Y.

Calculation of the Boundaries and Barriers of the Workspace of a Redundant Serial-parallel Robot using the Inverse Kinematics.

In Proceedings of the 13th International Conference on Informatics in Control, Automation and Robotics (ICINCO 2016) - Volume 2, pages 412-420
ISBN: 978-989-758-198-4

Copyright (© 2016 by SCITEPRESS — Science and Technology Publications, Lda. All rights reserved



Calculation of the Boundaries and Barriers of the Workspace of a Redundant Serial-parallel Robot using the Inverse Kinematics

Cervantes-Sanchez et al., 2000). Then, itis checkedif  Inthis paper, we present a discretization method to
the obtained configuration satisfies all the considered calculate the workspace of the aforementioned serial-
constraints (e.g. joint limits or no-interference), in parallel robot, including the internal barriers that lie
which case the configuration is stored as a workspaceinside the external boundaries. To this end, the Carte-
point. Since the forward kinematic problem is usually sian space is discretized instead of the joint space,
easier to solve in serial robots than the inverse prob- and the inverse kinematic problem is solved instead
lem, it is more convenient to discretize the joint space of the forward kinematics. Although the robot is re-
for these robots. On the contrary, the inverse kine- dundant, the different branches of the solution to its
matic problem is usually simpler for parallel robots inverse kinematic problem can be exploited to obtain
than the forward problem, therefore the Cartesian the workspace boundaries and the internal barriers,
space is usually discretized for them. as this paper shows. After presenting the proposed
This paper presents the calculation of the method, some examples are used to show the impor-
workspace of a redundant serial-parallel robot with tance of the internal barriers of the workspace in the
ten degrees of freedom, using a discretization methodplanning of the movements of the robot.
and the solution of the inverse kinematic problem. The remainder of this paper is organized as fol-
The robot is composed of some parallel mechanismslows. Section 2 presents a ten-degrees-of-freedom
connected in series, which grants it a globally se- serial-parallel robot and reviews the solution to the
rial architecture. Both its globally serial structure inverse kinematic problem of this robot. Next, Sec-
and its kinematic redundancy make its forward kine- tion 3 presents a method based on the solution of
matic problem much simpler than its inverse kine- the inverse kinematics to compute the workspace of
matic problem. Thus, a method based on discretiz- the robot, including the barriers present inside the
ing its joint space and solving the forward kinemat- workspace. Section 4 presents some examples of the
ics would be more appropriate for calculating its application of the proposed method to calculate dif-
workspace. Nevertheless, this method misses impor-ferent workspaces, and analyzes the effects of the in-
tant information regarding the internal structure of the ternal barriers on the motion of the robot. Finally,
workspace, which is crucial for planning the move- Section 5 concludes this paper.
ments of the robot. For example, Figure 1a shows the
workspace that is obtained when sampling the joint
space of the robot and solving its forward kinematic 2
problem. This method simply generates positions for
the end-effector and “populates” the workspace with
these positions. As a result, this method only yields _ . i ) ) ) )
the external boundaries of the workspace. However, Thls_ section reviews the solution of t.he inverse kine-
a more careful analysis of the workspace, as the onematic p_robl_em of the re_dundant_ serlal_-parallel rc_)bot
presented in this paper, reveals the existence of inter-SNOWn in Figure 2a. This robot is designed to climb
nal barriers inside the workspace, as shown in Figure @hd explore 3D structures, like metallic bridges, to
1b. These internal barriers, which cannot be detectedi"SPect and maintain them. lIts feet carry magnets to
when generating the workspace by using the forward adhere to the climbed structure. Flgure_ _2b shows an
kinematics, are very important for planning the move- example of the robot performing a transition between

ments of the robot, since they imply motion impedi- W0 perpendicular beams of a 3D structure.
ments. The robot is biped, and each lgge {A,B} is

composed of two parallel mechanisms connected in
series. In each leg, thei-th parallel mechanism

(i € {1,2}) has two linear actuators with lengthg
andv;; (see Figure 2c). Furthermore, each leg is con-
nected to the higH through one revolute actuated
joint, which rotates the leg an anglg with respect

to the hip. Thus, the robot has ten degrees of free-
dom. The joint coordinates associated to these ten

INVERSE KINEMATICSOF A
SERIAL-PARALLEL ROBOT

Internal barriers

(a)

(b)

Figure 1: (a) Workspace generated by discretizing the joint
space and generating positions solving the forward kine-
matic problem. This method only yields the external bound-
aries. (b) Actually, the method based on the forward kine-
matics misses existing internal barriers that hinder the mo
tion of the robot.

degrees of freedom are the lengths of the eight linear
actuators and the two rotated angles of the hip, i.e.
0 = [U1A, V1A, U2, VoA, Ui, V18, Uzs, VB, B, 6] .

The geometric design of the robot depends on
four parameters, which can be seen in Figure 2: the
width b and lengthh of the central body of the legs,
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Foot A FootB

(a) (b) (c)
Figure 2: (a) CAD model of the serial-parallel robot studiedhis paper. (b) Example of the robot performing a traositi
between two perpendicular beams in a 3D structure. (c) [Retaiew of the kinematics of the legof the robot § € {A,B}).

the width p of the feet, and the separatiobetween  which can be solved more easily in terms'di, (the

the rotations of the hip. Furthermore, in practice the geometrical meaning of each intermediate joint coor-

lengths of the linear actuators should be limited, i.e. dinate is shown in Figure 2c). Then, it can be shown

Uij, Vij € [Po, Po + Ap], wherepg > 0 is the minimum that after solvingg, the intermediate joint coordi-

length of these actuators afgh > O is their stroke. nates unequivocally determine the joint coordinates

Thus, the parametem andAp will also be regarded  g. The solution for the intermediate joint coordinates

as design parameters of the robot. depends on the desired orientation, distinguishing two
The inverse kinematic problem of this robot was cases (Peidro et al., 2015).

solved in (Peidro et al., 2015), and the solution will be

summarized here since we will use it to compute the 2.1 Case 1: r%s #1

workspace of the studied robot. The inverse kinematic

problem consists of finding the values of the joint co- Assume that the four intermediate joint coordinates

ordinatesy necessary to attain a desired position and {¢1g,ys,y14,y18} are known. In that case, it can be

orientation for the fooB relative to the foo#, given shown that the remaining six intermediate joint coor-

by the following homogeneous transform mat?W(B: dinates{d1a, d2a, b2, Ya, 04,08} can be calculated in

terms of{¢1g,ys} by performing the following oper-

ry rg r . : j

1 Tz iz Px ations. Firstpog is calculated as follows:

AT f21 r22 T2z Py (1)
B g1 32 sz Pz

_ r32 _ —I31
0 0 0 1 $=01—F—=, GB=01—F— (2

/ 2’ / 2
1—r33 1—r33

whererj; are the components of the rotation matrix

that defines the orientation of the fdBtwith respect b28 = 15 — atanZss, Cg) 3)

to the footA andp = [px, py, P]' is the position vec-  whereo; € {—1,1} and atangsin(y),cogP)) is the

tor of the footB relative to the fooA. inverse tangent function that uses the sine and the co-
As stated above, the inverse kinematic problem sine of an angle to calculate the angle in the correct

consists of calculating the vector of the joint co- guadrant. Nexta is calculated as follows:

ordinates from the relative position and orientation

between the feet of the robot, given by the matrix Sp, = — 31Y8Shsp + '32YBCh:5 + Pz 4)

ATg. However, as demonstrated in (Peidro et al., t

2015), the inverse kinematic problem becomes eas- Co, = O 1_% (5)

ier by defining a set ointermediate joint coordi- A A

natesd = [§1a, d2a, P18, 28, Y14, YA, Vis, Y8, 04, 08] T, Ba = atans,, Co, ) (6)
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where 0, € {—1,1}, sy, = Sin($p1s), and ¢y, = five) of the intermediate joint coordinates [called-
coq¢4g). Following,Bg can be calculated as: cision variablesn (Peidro et al., 2015)], whose values
can be freely decided. In contrast, in non-redundant
Sop = 13350, + Co, (CBr31 — SBr'32) (T) " robots the solution to the inverse kinematics is a set
Cog = '33C0, — So, (CBI31 — SBr'32) (8) of isolated points in the joint space (i.e., a zero-
dimensional set). Due to the high dimensionality of
B = atan2sog, Cos) (9 the solution sets in this robot, it is not possible to
Finally, the remaining intermediate joint coordinates represent graphically the complete solutions to the in-
{®1a,$24,ya} can be calculated as follows: verse kinematics.
Sa=Sel1+Cel12, CA=Saf21+Carlzz  (10) However, as demonstrated in (Peidro et al., 2015),

it is possible to reduce the dimensionality of these
Q1 =Tr11Y8Sp.5 + M12YBCo;5 + Px—1tCosCa  (11) solution sets without losing relevant information, ob-

Qo = I21Y8S s + 22V +py+tce,sa (12) tfaining an alter.native and_ more co.mpact.representa-
e Cus + Py iCo, tion of the solutions of the inverse kinematic problem.

ya=1/Q3+Q3 (13) This reduction of dimensionality is based on the fact

that not all the decision variables (i.e. the four or five

$14 = atanQ;,Q2) (14) intermediate joint coordinates in terms of which the

b2 = 014 — atanZsa,ca) (15) remaining unknowns are calculated) are equally im-

portant to determine the posture of the robot. In fact,

2.2 Case2: r§3 =1 it can be shown that after fixing the values of the de-

cision variables{¢1g,ys} (and alsopzs, if 12, = 1),
In this case, we assume that the values of the five the overall posture of the robot is determined, and

intermediate joint coordinate®1s, 28, s, y1a, Y18} the remainir_lg decision yariabléym,ylg} only pro-
are known. Then, by definirsg = sin(¢1g — ¢28) and duce small internal motions of the central bodies of

cs = coS15 — 28), we can still compute the values e 1egs along the legs, which do not affect the over-
of the remaining five intermediate joint coordinates @ll posture of the robot. Since the overall posture of

{01a,924.Ya, 04,68} using Egs. (4) to (15). the robot only depends of$1g,ys} (and alsopos, if
r%s = 1), we can focus only on these two (or three)
2.3 Feasible Regions variables to analyze the solutions of the inverse kine-

matic problem, and use this information to discard the
The solutions described in subsections 2.1 and 2.2 as.Pairs{¢1s.ys} thatyield a forbidden posture in which

sume that some of the intermediate joint coordinates the legs of the robot interfere, for example.
are known, and compute the remaining intermediate  Exploiting the previous idea regarding the possi-
joint coordinates in terms of the former. This is due bility of reducing the dimension of the solution sets,
to the kinematic redundancy of the robot: fixing the (Peidro et al., 2015) developed a Monte Carlo algo-
position and orientation of one foot with respect to rithm to obtain the region&; of the ¢1g-yg plane
the other foot only provides six independent equations (or the regions of thep1g-$2s-ys Space, ifr%3 =1)
(three for the position and three for the orientation) which allow the robot to attain a desired position and
to calculate ten unknown intermediate joint coordi- orientation”Tg satisfying the joint limits, and they
nates. Thus, six independent equations only allow us called these regionfeasible regions Any point of
to calculate six intermediate joint coordinates in terms these feasible regions yields a valid solution of the
of the remaining four, as described in subsection 2.1. inverse kinematic problem, satisfying the condition
Moreover, when the desired orientation between the that the lengths of the eight linear actuators of the
feet satisfies3; = 1, o5 cannot be determined from  robot should be between the joint limitsy, po +Ap).
the equations and its value must also be assumed tdn this paper, we will impose an additional condi-
be known (subsection 2.2). tion to calculate the feasible regions: in order for a
According to the solutions described in the pre- pair {¢1s,ys} (or triplet {¢1,$28,y8}, if r§3 =1)
vious subsections, the solution of the inverse kine- to belong to the feasible regiofg, the posture cor-
matic problem for a given desired position and orien- responding to that pair (or triplet) should not pro-
tation is a four-dimensional set in the ten-dimensional duce mechanical interferences between the legs of the
space of the intermediate joint coordinates (or a five- robot. To check this condition of no-interference be-
dimensional set if the desired orientation satisfies tween the legs, the Separating Axis Theorem will be
r§3 =1). This is because the ten intermediate joint used (Ericson, 2004). This will be explained in Sec-
coordinates have been solved in terms of four (or tion 4 in more detail.
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According to subsection 2.1, the solution to the linear actuators and guaranteeing that the legs of
inverse kinematics depends on two binary variables  the robot do not interfere. In this case, there exist
01,02 € {—1,1} when the desired orientation satis- two different branches for the solution, i.e. two
fies r§3 # 1. Each combination of these binary vari- different feasible regionRs, one region per each
ables will yield a different feasible regid®;, which value of the binary variable,.

corresponds to a different branch of the solution to
the inverse kinematics. Thus, whef # 1, the so-
lution to the inverse kinematics will have four dif-

Once the solution to the inverse kinematics is
available (including all the branches of this solution),

ferent branches, identified by the four possible com- the workspace boundaries and barriers can be ob-
binations (o1, 02) of these binary variables(1,1), tained using a discretization algorithm explained next.
(1,-1) (_1’1) (—1,-1). If the desired oriénta- The workspace of this robot can be defined as the
tion satisfies2, = 1, then according to subsection 2.2 S€t of positions and orientations that the fBatan at-
only the binary variable, is involved in the solu-  @in with respect to the fodt. Such a workspace is a
tion of the inverse kinematics. Thus, the inverse kine- Six-dimensional set, since the position and orientation
matic problem will only have two different branches of the footB relat_lve to the fooA cz%n be represented

in that case, one branch correspondingso= 1 and DY three translations = [px, py, p;|" and three rota-

the other branch correspondingdp= —1. tionsr = [a, B,y]" (wherea, B andyare Euler angles).
To calculate the workspace, the six-dimensional space

of the variableg px, py, pz, o, B, Y} is discretized into a
regular grid of nodes. For example, we may approx-
3 OBTAINING THE WORKSPACE imate each axis of this six-dimensional spacengy
USING THE INVERSE nodes regularly distributed between two limits, which
KINEMATICS yields an overall grid omg nodes. Then, foreach node
of this grid, the inverse kinematic problem if solved to
In this section, we will describe how the solution to CNeck if the node is attainable by each branch of the

the inverse kinematic problem, described in Section Solution of the inverse kinematics. _

2, can be used to obtain the workspace of the serial-  FOr €ach branch of the solution to the inverse

parallel robot studied in this paper, including its ex- Kinematics, we create a lis/S of the nodes that

ternal boundaries and internal barriers. can be reached using that branch. After the algorithm
According to the previous section, the solution to Nas checked all the nodes of the grid, the Wig§ is

the inverse kinematic problem of the serial-parallel @n @pproximation of the workspace associated to the

robot studied in this paper can be summarized as fol- bra_mchl, since it contains all the positions and orien-

lows. Given a desired position and orientation be- tations that can be reached with that branch. Then,

tween the feet of the robot, encoded by the homoge- the boundaries of the _vvorkspace associated td}t_he _

neous transformation matriXT 5 defined in Eq. (1), branch can be approximated by the nodes contained in

the solution to the inverse kinematics dependsgan WS which have at least one unreachable neighboring
node (i.e., a neighboring node not containethify).

o Ifthe desired orientation satisfie}; # 1, thenthe  after obtaining the boundaries of the workspaces as-
solution to the inverse kinematics can be repre- gociated to the different branches, the boundaries of
sented by a feasible regiéh inthe¢is-ys plane, 4| the branches can be joined to obtain the bound-
posture that allows the robot to attain the desired To determine if an arbitrary node of the grid is at-

position and orientatiodiTg satisfying the joint - inaple using a given branébf the inverse kinemat-
limits of the linear actuators and guaranteeing that o5 the feasible regioR; associated to that branch is
the legs of the robot do not interfere. Moreover, .\ ated using the Monte Carlo algorithm described
there exist four different branches for the solution, (Peidro et al., 2015). If the regid® is empty, then
i.e. four different feasible regiori correspond-  jt ig considered that the node is not attainable byithe
ing to the four possible combinations of the binary branch, and the node is not included in the\i&$
variableso; andos. (see Figure 3). The mentioned Monte Carlo algorithm
o If the desired orientation satisfie% =1, the so- generates the regid® by randomly sampling points
lution to the inverse kinematics can be representedin the ¢15-yg plane (or in thedis-dos-ys Space, if
by a feasible regiolR; in the ¢1g-¢25-ys Space, r§3 =1). If the posture generated by each randomly
such that any point dRs yields a posture that al- sampled point satisfies the joint limits of the linear ac-
lows the robot to attain the desired position and tuators, and if the legs do not interfere, then that point
orientationT satisfying the joint limits of the is stored as a point of the feasible regep In this
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way, a discrete approximation of the regiencan be
obtained by sampling a large number of points in the
¢1s-ys plane (or in thep1p-do5-ys Space).

A py
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Figure 3: A 2D example that illustrates the process to deter-
mine whether a given nodeof the potential workspace is
reachable or not. For a given noklehe feasible regionB¢

are calculated using all the branches of the solution of the
inverse kinematic problem. In this case, the n&drelongs
only to the workspaces of the branchésl) and(—1,—-1)

(4V:] @18

and the node is classified as attainable. If, on the con-
trary, the Monte Carlo algorithm has sampledran-
dom points and none of them satisfies the constraints,
itis considered thaRs is empty, which means that the
corresponding node cannot be attained by the consid-
ered branch of the inverse kinematics. Obviously, this
method will be more accurate wheg increases, but
the computation will also take more time, so a com-
promise between precision and computational cost is
necessary.

It should be remarked that the method described
in this section to compute the workspace is very
computer-intensive if we try to discretize and com-
pute the six-dimensional workspace of the variables
{Px: Py; Pz, 0, B,y}, since the number of nodes to
check isng (and, for each node, the feasible regions
Rs must be obtained for the different branches of
the inverse kinematics). Moreover, a six-dimensional
workspace cannot be represented graphically. For
these reasons, and to decrease the computational
cost, we will fix some of these six variables to ob-
tain lower-dimensional workspaces that can be repre-
sented graphically and are more easy to understand,
such as the constant-orientation workspace (i.e., the
set of positions that can be attained by the Batith
respect to the fooA when the relative orientation be-
tween the feet is constant). The constant-orientation
workspace is very useful when planning some move-
ments which are necessary to explore a 3D structure,
such as when performing a transition between dif-
ferent beams (see Figure 2b). In the following sec-
tion, we will illustrate the algorithm described in the

since these are the only branches leading to non-empty fea-present section using some examples.

sible regionR;.

Note that it is sufficient to find a single point be-
longing toRs to guarantee thaR; is not empty and

classify the corresponding node of the workspace as

attainable. However, checking R is empty (and

4 EXAMPLES

This section presents some examples of the applica-

classifying the corresponding node as unattainable bytion of the method described in Section 3 to compute
thei-th branch of the inverse kinematics) is not that different workspaces of the studied robot. For the

easy, since one would need to explore exhaustively next examples, the geometric design parameters of the

the¢1s-yg plane (or thaeb1z-¢os-ys Space) to guaran-

robot are:b=p=4,h=16,t =156, pp =19, and

tee that this plane (space) does not have points satis&P = 7.5 (@l in cm). In all the examples of this sec-

fying all the constraints (i.e., to guarantee tRatis
empty). Since it is not feasible to perform such an
exhaustive search to checkR§ is empty, this prob-
lem is practically solved by establishing a maximum
numbem;, of attempts to generate a pointRq. Then,
the aforementioned Monte Carlo algorithm begins to
randomly sample points in th@g-yg plane (or in
the d15-028-Ys Space, ifr3; = 1). If it finds a point
that satisfies all the constraints (joint limits and no-
interference), the Monte Carlo algorithm stops: the
regionR; is not empty (it contains at least one point)

tion, we will discretize the workspace intg = 200
points in each axis. Moreover, we will sample a max-
imum of n; = 5000 random points before deciding
that the feasible regioR; (of valid postures that yield

a given position and orientation between the feet) is
empty f, was defined in Section 3). In all the exam-
ples, we will assume that the foAtis firmly attached

to the structure, and we will compute the set of posi-
tions that the fooB (which is free to move) can reach.
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4.1 Examplel

In this example, we are interested in obtaining a
constant-orientation workspace, i.e. the set of attain-
able points by the fooB when the relative orienta-
tion between the feet is constant. More specifically,
we will study the workspace obtained when both feet
have the same orientation, which means that the ro-
tation submatrix of*Ty is the identity matrix. Fur-
thermore, we will be interested only in the intersec-
tion of such constant-orientation workspace with the
planep; = 0, to study the planar motions of the robot
inside this constant-orientation workspace. Note that
the robot needs to perform motions of this type to
travel along a beam of a structure, as shown in Fig-
ure 4. The desired position and orientation will have
the following form for this example:

(

1 0 0 py
010 p
001 0
000 1

Mg = (16)

To apply the algorithm described in the previous
section, we will define a box3 that encloses the
workspace in they-py plane, and we will discretize
this box into a grid of 40000 nodes regularly dis-
tributed (200 nodes per each axis). Then, for each
node, we will solve the inverse kinematic problem us-
ing the matrix of Eq. (16) as the input, to check if each
node is attainable by the different branches of the in-
verse kinematics. The chosen box for this example
is B = {(px, py) : =80 cm< py <80 cm—50 cm<

py < 50 cm}. Running the algorithm described in the
previous section for these parameters, the workspac
shown in Figure 4 is obtained. Note that, since in
this case2, = 1, according to Section 2.3 the solution
to the inverse kinematic problem in this case has two
branches: one fas, = 1 and other folo, = —1. The

workspaces associated to these branches are shown i

Figure 4 with different colors.

Note that this workspace is split into the compo-
nents associated with the two branches of the solu-
tion to the inverse kinematic problem. The complete
workspace (i.e. the union of the two components)
has a void around the fo@, which is necessary to
avoid the interferences between the legs. Accord-
ing to Figure 4, the robot cannot move the fddt
from one side of the workspace (e.g. the right half
the workspace, associated with the braogh= 1) to
the other side (e.g. the left half, associated with the
brancho, = —1) keeping constant the orientation be-

tween the feet, since the workspaces associated with

both branches have boundaries in the middle of the
workspace, both above and below the f8otThis is
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Figure 4: Planar constant-orientation workspace that pro-
vides the points at which the foBtcan be placed with the
same orientation as the foét This constant-orientation
workspace is useful to plan movements along the direction
of the beam. The workspaces associated with the branches
0, = —1 ando, = 1 are represented in red and blue colors,
respectively.
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illustrated in Figure 5, where the robot starts at an ini-
tial point in the workspace associated with the branch
02 = 1, and tries to describe a trajectory towards the
left half of the workspace (see Figure 5a). However,
the trajectory cannot be completed because the robot
cannot cross the boundaries of the component of the
workspace in which it moves. This boundary is orig-
inated from the fact that the legs cannot interfere: as
Figure 5b shows, when the foBtis close to the men-
tioned boundary, both legs are about to intersect.

To check if the two legs interfere in all the ex-
amples of this paper, the Separating Axis Theorem is
used (Ericson, 2004). Each leg can be approximated
by the union of twocuboids(also known asectan-

Jular parallelepipeds one cuboid encloses the foot,

and the other cuboid encloses the central body of the
leg, including the linear actuators (these cuboids are
represented in magenta in Figure 5b). Then, the two
legs will interfere if one of the cuboids of one leg in-
fersects one of the cuboids of the other leg. Since the
cuboids are convex shapes, the Separating Axis The-
orem can easily be used to check if they intersect.

4.2 Example?2

In this example, the objective is to find the planar

constant-orientation workspace defined by the follow-
ing homogeneous transformation matrix between the
feet of the robot:

-1

0 px
0
g = LR (17)

0 1

This orientation is a rotation of 9Gbout theZ axis,
which is necessary to perform a transition between

[oNeN o)

0
0
0
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Figure 5: (a) A trajectory between both components of the
workspace. (b) The robot cannot reach the left component
because it cannot cross a boundary of the component in
which it moves (the right component). When approaching
the boundary, the legs are about to intersect: the Boist
almost touching the central body of the 1&g To cross the
boundary, an interference between these two bodies would
be necessary.
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Figure 6: Planar constant-orientation workspace comgini
all the points of the plan@; = 0 that can be reached with
the footB rotated 90 about theZ axis with respect to the
foot A.

6, and a smaller one, which is close to the beam 2 in
the same figure. Actually, the shape of the smaller
component cannot be appreciated very well in Fig-
ure 6. However, a more precise approximation of that
component can be obtained if the algorithm described
in Section 3 is executed again discretizing a smaller
box B that encloses only the area around the men-
tioned small component of the workspace, instead of
using a big box that contains all the components as
shown in Figure 6.
The posture of the robot shown in Figure 6, with

_ the footB placed on the beam 2, is obtained using the

two perpendicular beams in a structure, as shown in
Figures 2b and 6. Again, we are interested only in the
intersection of this constant-orientation workspace
with the planep, = 0, since the motion necessary to
perform such a transition is planar.

Next, the algorithm described in Section 3 is ap-
plied, discretizing the following bo$ into a grid of
40000 nodes (200 nodes per axigy:= {(px, py) :
—40 cm< py <80 cm—40 cm< p, <80 cm}. The
resulting workspace is shown in Figure 6. Again,
since the desired orientation satisfigg = 1, the
solution to the inverse kinematic problem has two
branches, one fas, = 1 (shown in blue in Figure 6)
and other foilo, = —1 (shown in red in Figure 6).

In this case, the workspace attainable using the
brancho,; = —1 of the solution to the inverse kine-
matic problem is smaller than the workspace associ-
ated with the branch; = 1. Note that the workspace
associated with the branch» = —1 has two compo-
nents: a big one, which is close to the féanh Figure

brancho, = 1 of the solution to the inverse kinemat-
ics. However, according to the same figure, it would
be also possible to place the foBton the beam 2
using the branclo, = —1, since this branch yields

a small component of the workspace near the beam
2 (i.e., the small component described in the previ-
ous paragraph). This is checked in Figure 7, which
shows a posture of the robot that places the ®at

a point of the smallest of the two workspace compo-
nents associated with the brarsh= —1. As this fig-

ure shows, using the branch = —1, the footB can
also be effectively placed on the beam 2 with the de-
sired orientation. However, in this posture, the hip of
the robot intersects the beams, so this would not be a
feasible solution in practice. This unfeasibility can be
easily detected by the presented method if we include
the condition that no part of the robot should intersect
the obstacles of the environment, using a similar pro-
cedure to the method used to check if different legs
intersect, described in subsection 4.1.
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Collisions with the

beams of the structure

Figure 7: A posture which places the fddbn the beam 2
with the desired orientation, using the brar@h= —1. In
this posture, the robot collides with the structure.

5 CONCLUSIONS

This paper has presented a discretization method to
calculate the workspace of a serial-parallel redundant

robot using the solution to its inverse kinematic prob-
lem. In contrast to the methods based on the for-

ward kinematics, the proposed method is able to ob-
tain both the external boundaries and the internal bar-

riers of the workspace. Using this method, we have

analyzed the negative effects of the internal barriers

on the movements of the robot inside its workspace.
In the future, we will solve the path planning prob-

lem of this robot. We hope that the analysis presented

in this paper will be very useful to plan the move-
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